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Lévy-Ciesielski random series as a useful platform for Monte Carlo path
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We demonstrate that the Lévy-Ciesielski implementation of Lie-Trotter products enjoys several properties
that make it extremely suitable for path-integral Monte Carlo simulations: fast computation of paths, fast
Monte Carlo sampling, and the ability to use different numbers of time slices for the different degrees of
freedom, commensurate with the quantum effects. It is demonstrated that a Monte Carlo simulation for which
particles or small groups of variables are updated in a sequential fashion has a statistical efficiency that is
always comparable to or better than that of an all-particle or all-variable update sampler. The sequential
sampler results in significant computational savings if updating a variable costs only a fraction of the cost for
updating all variables simultaneously or if the variables are independent. In the Lévy-Ciesielski representation,
the path variables are grouped in a small number of layers, with the variables from the same layer being
statistically independent. The superior performance of the fast sampling algorithm is shown to be a conse-
guence of these observations. Both mathematical arguments and numerical simulations are employed in order
to quantify the computational advantages of the sequential sampler, the Lévy-Ciesielski implementation of path
integrals, and the fast sampling algorithm.
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I. INTRODUCTION mode and Fourier approach§g-9] can significantly de-
crease the correlation times in path integral Monte Carlo
simulations. A recent technique developed in REf0],
which is called the fast sampling algorithm, builds upon

. . ome special properties of the so-called Lévy-Ciesielski rep-
products. The superior convergence of path-integral metho b prop 4 P

. . o _ ) sentation of the Feynman-Kac form{ildl]. The technique
employing such short-time approximations is achieved unde&an be regarded as part of the random sdies13 (in the

the assumption that the integration against all path variablegyntinuous form or normal mode(in the discrete fortap-
is performed in an exact fashion. In practical appl|cat|ons,proacheS to path integration. In the present work, we dem-

this is never the case, except for low-dimensional problems,girate that the technique is capable of reducing the com-
The efficiency of the methods suffers from the slow conver-

: ! : utational time necessary to achieve a prescribed statistical
gence of Monte Carlo integration. Indeed, if the convergenc%

i X - : fficiency fromn? calls to the potential functiofscaling that
order qf a certain technique is then the computational cost 5 \alid for most normal mode representatipts n log,(n).
to achieve a given erro¢, as measured by the number of

I h ial £ ion. has the fol8i Here,n represents the number of path variables.
calls to the potential function, has the fofi3] In Sec. Il, we analyze the computational cost of the Me-

costec 1/21, (1) tropolis et al. algorithm [14,15 for high-dimensional sys-

tems, from the point of view of statistical efficiency. We

assuming that the Monte Carlo samples are independentiesent poth mathematical and numerical arguments to jus-
This formula demonstrates that we cannot defeat the sIovay the finding that updating particles one at a time is statis-

convergence of the Monte Carlo simulation by indefinitely jica|ly at least as efficient as using all-particle moves. The
improving Fhe convergence order. . most important cases where updating particles or path vari-
In practical applications, Eq1) represents a very opti- apjes one at a time results in important computational sav-
mistic evaluation, because one must deal with the addmone}hgS are(i) for classical systems, the case where the compu-
problem of build-up of correlation among path variables, agagional time for the whole potential increases linearly with
the number of variables increasf®]. Thus, only a small e computational time necessary to update only one particle
group of path variables can be updated in an efficient fashiog i) for path integral simulations, the case where the path
at a time. Significant research has gone into the problem Qfgiaples can be grouped in independent random vectors.
diminishing the correlation between path variables and en- |, sec. |11 we study the statistical efficiency of the Me-
suring a more efficient sampling. Techniques such as thg,ngjis et al. sampler for random series as well as for the
staging metho@4], the threading algorithrfb], the bisection  5ma| mode implementation of Lie-Trotter products. We
method [2], the multigrid technique[6], and the normal  conciude that the Lévy-Ciesielski representation is superior
in both cases, allowing for a reduction in the computational
cost of log(n)/n, by comparison with most normal mode
*Electronic address: cpredescu@comcast.net implementations. The reader must realize that the fast sam-

The availability of short-time approximations having fast
asymptotic convergendd—3] warrants a closer look to the
Monte Carlo implementation of the resulting Lie-Trotter
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pling algorithm is not really a sampling technique. Rather, itthem at a time, we increase the chances that the particles
is a property of the Lévy-Ciesielski representation and cartollide. This explanation is mistaken and, to the contrary, we
only be utilized for path integrals. Similarly, the fast compu-find that the decrease in the acceptance probability exists
tation of paths is also a property of the Lévy-Ciesielski se-even for noninteracting particles. By means of a numerical
ries, rather than a technique. It enables the computation afxample we show that the entropic explanation also holds for
paths inn log,(n) operations instead af?, the number nec- particles that interact through potentials having a strong re-
essary for most other normal mode implementations. It igpulsive part.
true, starting from Coalson’s Fourier-like normal mode ap- Having quantified the decrease in statistical efficiency as-
proach[9], one can still construct the paths in a time propor-sociated with multiparticle moves, we demonstrate that up-
tional ton log,(n), by using fast sine-Fourier transform. This dating the particles one at a tinfe@hether in a deterministic
has been observed by Mielke and Truhfa6]. However, or random fashionis the better strategy in terms of statisti-
constructing a fast sampling algorithm by using this method<al efficiency. By statistical efficiency we understand the av-
ology is rather difficult. Perhaps the most important propertyerage distance covered by the random walker in the configu-
of the Lévy-Ciesielski series is that it constitutes a link be-ration space for a given computational time and average
tween the continuous and the discrete path integral tectgcceptance probability.
niques[11]. Thus, almost all algorithms developed for the  To begin with, let us assume that we are given a finite
discrete case have an analog in the Lévy-Ciesielski languageollection X;,X,, ... X, of independent identically distrib-
Li and Miller [17] have recently demonstrated how a Lie- uted random vectors, taking values in some spteThese
Trotter product for path integrals in many dimensions mustandom vectors may represent, for instance, the space coor-
be modified so that the number of time slices associated tdinates of a classical physical system made up wfentical
each degree of freedom be proportional to the quantum efparticles that do not interact. Leix), with x € RY, be the
fects. In the Appendix, we adapt the technique to the Lévynormalized distribution of any of the random vect¢sThe
Ciesielski form and show how the number of time slices fordistributionp(x) is assumed to be a smooth function, that is,
each dimension should be chosen as a function of the particke have continuous first order partial derivatives. Again, by
masses. referring to our physical system, W(x) is the (common

In Sec. IV, we utilize the fourth-order direct short-time potential in which the particles move, then we may set
approximation recently developed in R§8], to exemplify
the use of the Lévy-Ciesielski series for the implementation (x) = 6 AV0/Q(B)
of Lie-Trotter products. We then perform Monte Carlo simu- p '
lations for the Ngy Lennard-Jones cluster using both the
all-variable update strategy and the fast sampling algorithmwhereg is the inverse temperature aQip) is the configu-
The simulation is conducted at 4 K, using a number of 127ation integral of the corresponding canonical system. By
path variables per degree of freedom. The numerical resuli§dependence, the overall distribution of the random vectors
demonstrate that the standard deviations for the average el$ given by the producp(xy),p(Xz), ... ,p(Xy), which is a
ergy and the heat capacity estimators are more than twemooth distribution density on the spaé”.
times larger in the case when all particles are updated simul- It is perhaps clear that the best strategy for Monte Carlo
taneously. This translates in a computational saving of aboutampling of the product distribution(xy) , p(X,), ... ,p(Xp) is
80% if the fast sampling algorithm is utilized. However, big- to perform the sampling individually, for each random vec-
ger computational savings are expected for larger numbers ¢ér. Thus, following Metropolist al.[14,15, we propose a
path variables. In Sec. V, we compute the correlation time fonew position for the random vectd§ from the trial distri-
the path centroid in the simple case of a one-dimensiondbution T(y;|x;), which is uniform in ad-dimensional hyper-
double-well quartic potential and compare the result withcube centered abowt and has maximal displacements,
previously determined times for other techniques. The fastor s=1,2, ... d (therefore the sides of the hypercube have
sampling technique fares well among the unbiased tecHengths ;). The move is then accepted with probability
niques but is slower than the biased multigrid method de-

scribed in Ref[18]. We emphasize, however, that additional () TOxly))
tests are necessary in order to correctly address the issue of i 1,p'—" , (2)
optimality. pO) T(yilx)

and rejected with the remaining probability. Repeating the
procedure, one generates an ergodic Markov chain of station-
ary distributionp(x;).

In this section, we demonstrate that the maximal displace- Undesirable high correlation between successive positions
ments in the Metropoligt al. sampling algorithm decrease in the Markov chain is the result of two factofg high
as fast asi /2 with the numbenmn of particles that are simul- correlation in the proposal distribution, correlation that in-
taneously updated. We argue that this decrease is entropic @neases as the maximal displacements decreaséiamolw
nature and has little to do with the interaction between paracceptance probability. As a rule of thumb, in order to mini-
ticles. The generally accepted explanation for the decrease mize the correlation, one tunes the average acceptance prob-
the maximal displacements is that, by moving several ofbility

II. CONSIDERATIONS ON THE STATISTICAL
EFFICIENCY OF THE METROPOLIS SAMPLER
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AOﬁf iy, p(x) T(y, bymind 1 p(y) T(xi|yi) expand the density(x+y) around the positio to first order
pad iPUX; ilXi ’_p(xi)T(yi|xi) ' and conclude that
to a value of about 50%, by increasing or decreasing the H zf dx& o dy[p(x +y)/p(x) - 12
maximal displacements, as approprifté]. A R ADindoa,
Assume now that we sample the random vectors together Al.;
and update all variables at once, using the trial distribution zf dx& dylp’ (X p(x)]2y2
T(y1|X1) " - T(Yn|X,). The move tdys,Y-, ...,y is accepted R Mt s
with probability 5 '
n = ﬁf p’ (X)? p(x)dx. (10)
miny 1,1 [ POTOGY) 4 ° Ju

i1 PO T(yilx) The last integral appearing in the preceding formula is rec-
and rejected with the remaining probability. The average acognized as the Fisher entropy of the smooth distribugico.
ceptance probability is given by the formula For d-dimensional spaces, by a similar argument, the reader
may obtain the general expression

1 d
Ho= 13 a7, [
s=1 I

R

Ac, = f dx,dy; - - f dxpdynp(X) T(ya[Xq) * +* p(Xp)
R R2 | [9p(X) 1% p(x)dX. (11)

n
. p(yDT(xily)
XT(Yq|X,)min 1] == . (5) ; i
lXn L p(x)T(yilx) By comparing Eq(11) with Eq. (8), we conclude that the

asymptotic scaling of the maximal displacements in the limit
If one attempts such a strategy and utilizes the optimabf a large number of particles or random vectors that are
maximal displacements computed for the case of single paudpdated simultaneously is given be the formula
ticle moves, the average acceptance probability decreases ac-

cording to the law[10] Agn~ AJNN. (12
Ac, ~ e, (6) Here, the quantities\g are asymptotic cqnstants that may
) _ have values slightly different from the optimal maximal dis-
whereH>0 is the relative Shannon entropy placementsA for a one-particle or random-vector update.
)Ty The decrease in the maximal displacements predicted by Eq.
H= _f 0T( |X)|n{u]dxd (77 (12) is somewhat unexpected, given that the particles do not
P y . . ; .
2 p(X)T(y|x) interact. In fact, the usual explanation that the decrease in the

maximal displacements for multi-particle updates is the re-

To avoid such a catastrophic decrease in the acceptanc@i of an increased chance in collision does not hold under

pr:obability,_wg muhst d(re]crease the maximal displacen?ents, Soser scrutiny. As for the case of independent particles, the
that to minimize the Shannon entropy at a rate equal t 1/ jecrease is solely an entropic effect,
More exactly, ifH,, is the Shannon entropy corresponding t0  pather than resorting to more sophisticated mathematics
new maximal displacements, and Ac is the desired con- 1, gemonstrate the entropic nature of the decrease in the
stant acceptance probability, then maximal displacements, we give a humerical example, where
H, ~ —In(Ac)/n. (8 Wwe verify Eq._(12) by performing a Monte Carlo simulation
in the classical canonical ensemble for the 19-particle
We now show that, for sufficiently large the decrease in  Lennard-Jones cluster. We have employed the,Naple-

the maximal displacements is controlled by the Fisher enmentation of Ly Although all Lennard-Jones clusters have
tropy of the smooth distributiop(x). For a random variable essentially the same classical thermodynamics, as can be
(one-dimensional random vecjptthe estimate can be ob- seen from employing reduced coordinates, we give here the

tained as follows. We start with the approximation exact parameters because, in the second part of the paper, we
Ay shall also use the Ngcluster for quantum simulations.
H, = _f dXLX) ’ dy In[p(x+y)/p(x)] The total potential energy of the Ngcluster is given by
R 201 -Agp 19 19
A —
X in V=2, V(i) + 2, V(ry), (13
:_f pr( ) dyln[1+p(x+y)/p(x)—1] tot z LJ Ij) z c( |)
g 2A1n -App
Arn whereV 4(rj;) is the Lennard-Jones potential describing the
~ P [T - 172 interaction between the particlesand |
dx dylp(x +y)/p(x) - 1]%, 9 P ]
R Aindoa,
) o gy
where we have retained the first non-vanishing term in the Vi(riy) = 4ey Tl T\ (14
ij ij

logarithm expansion. This approximation becomes exact in
the limit of smallA, .. In fact, in the same limit, one may andV,(r;) is the confining potential
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0.114— ' ‘ : individually in a deterministic or random fashion, then, on
average aften,=19 moves, the position of each particle is
a 0.09-’-...,.. T, =035, I sampled from a distribution that spans a distance propor-
L i S - tional to A.. Because of the decrease in the maximal dis-
& 0.074 i placements, it also takes abaytMonte Carlo steps for the
§ _ all-particle strategy to achieve a similar statistical efficiency,
0.050, _ Timin =0-15825 that is, to guarantee that each of the particles have been
sampled from a distribution that roughly spans the same dis-
003+ 7 1T 15 19 tanceAs.
n To demonstrate the last assertion, let us look at the dis-

. ) . . tances that are spanned by the random walker along some
FIG. 1. Scaling of the maximal displacements with the number,

¢ particles that imult | dated for theslcluster at arbitrary direction, afteN Monte Carlo steps. Neglecting the
ot particies that are simuftaneously updated for they CUSter al = o, o tigng that appear because the moves are not accepted
two different temperatures. Only every other computed values are . - .
T _With probability one(these corrections do not change the
marked on the plot. The thin lines have been added to help guide - o 2
the eye toward the asymptotic region overall scaling, as long as the acceptance probability is kept
' constant; in addition, not accepting the moves with probabil-
20 ity one further reduces the distances spanned by the walker
V()= e ( Iri- Rc.m.|) (15) as well as the statistical efficiency of the sampler, making our
et L R. ' final conclusion even strongerthe position of the random

walker along the directios is

The role of the confining potential is to prevent the evapora- N
tion of the cluster, for the cluster by itself is not thermody- XN =Xs+ Agy O (2U - 1),
namically stable. The cluster is confined to its center of mass ’ " Pr=1

R.m by a polynomial potential that increases abruptly be- . . .
y()cf:nd tr):e copnf?;ling radli?Js @R.=2.255,,. The values OI? t¥1e where the quantities), are independent random variables

Lennard-Jones parameters, and e, used are 2.749 A and uniformly distributed on the interve{IO,l].'For 'sufficie.ntly
35.6 K, respectively19]. The mass of the Ne atom was set 'ar@!e N, the sum2y(2u,—1) has a G,a,uss'an distribution of
to my=20.0, the rounded atomic mass of the most abundaﬁfa”ance_N/_B centered about the origin, as follows from the
isotope. central Ilmlt theorem. Therefore, the rz?mdomzvanalﬁggI is
The simulation has been conducted for eight intermediat Gaussian centered aboytand of variance\;, N/3. The
temperatures arranged in geometric progression betweetverage distance relative to the starting point spanned by the
Trmin=0.15¢ 5 and T,,,=0.35¢ ;. To reduce the equilibration random walker is
times of the Metropolis samplers, the eight statistically inde- )
pendent parallel replicas have been involved in periodical J |z|(277A§’nPN/3)'1’2e'22 1@Asn N3z
exchanges of configurations, according to the parallel tem- R
pering algorithn{20,21]. For eacn=1,2, ...,19, thesimu- _ e 12— A0 [oNia
lation has consisted of 25 blocks of one milliorparticle - VZ/(SW)AS'”;JN = AsV2N/(3mmp). (16
moves. Then particles participating in a single move have From Eq.(16), we see that it takel ~n, Monte Carlo steps
been randomly selected from the 19 existing particles. Aftefor the all-particle strategy to achieve a statistical efficiency
each block, the maximal displacements are decreased or igpmparable to that of the one-particle strategy, also affer
creased so that the acceptance probability for the last block igionte Carlo steps.
50%, to a statistical accuracy of about 0.5%. In fact, the statistical efficiency remains roughly the same
The quantities/nA, , for the replicas of lowest and largest no matter how many particles we move simultaneously. To
temperatures are plotted in Fig. 1. One can see that thiustrate this by a numerical example, we have evaluated the
asymptotic scaling predicted by E(l2) is respected to a average distances spanned by the Monte Carlo walker after
very good degree. Similar plots for the remaining six inter-np steps, while simultaneously updating groups of
mediate replicas show the same excellent agreement between 2 .. 19randomly chosen particles. Ky denotes the
the theoretical prediction and the results of the simulation. Ijosition of the walker at tim&l, then the average distance is
is therefore quite clear that the decrease in the maximal dis-
lacements is solely an entropic effect that has nothing to do .
\?vith an increase )i/n the Chgnces of collision. Afte? all, <”X”p_X°“>”:;\IJIELNkE_O”X”p""_Xk”' 17
whether we move one particle at a time or all particles to- -
gether, the average interactions that any group of particlek collecting the averages, one must discard all differences
suffer must be the same, at least for a well-equilibrated simuHan+k—Xk|| for which a parallel tempering swap has occurred
lation. at any Monte Carlo step betweénandk+n,. The average
The penalty for the decrease in the maximal displacedistances are shown in Fig. 2 and are seen to closely mimic
ments is an increase in the correlation between successitRe behavior of the maximal displacements. Thus, the one-
Monte Carlo steps, increase that is due to the pronounceplarticle and the multiparticle updating strategies have essen-
correlation in the proposal step. If one updates each particlgally the same statistical efficiency.

N-1
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0.3 : ' ' ' proportional ton®, result consistent with the one obtained in
Ref.[2].
I
£ o) Il. STATISTICAL EFFICIENCY FOR PATH INTEGRAL
o SAMPLING
S
Vo e Tonin =0-138, In the preceding section, we have demonstrated that the
e efficiency of the sequential sampler cannot be defeated by
0.1 : - - - employing all-particle moves. This finding simplifies the ef-
3 7 11 15 19 - . . .
n ficiency study for the different path-integral sampling strate-

) gies. In this section, we shall analyze the statistical efficiency
FIG. 2. Average distances spanned by the random walker aft€gf the random series approach to path integrals and of related
np Monte Carlo steps as a function of the number of partiolésat i plementations. We shall see that the computational time
are updated simultaneously. The error bars are less than half the Sizgr a given statistical efficiency scales msimes the cost to
of the plotting symbols. Only every other computed values areevaluate the action, for most series. Herds the number of
marked on the plot. path variables. One important exception is the Lévy-
_ o _ _ Ciesielski series, for which the scaling is jog times the
~ In practical applications, updating the particles one at &ost to evaluate the action. This remarkable property of the
time is almost always the winning strategy in terms of com- gyy-Ciesielski series constitutes the engine behind the fast
putational effort for same statistical efficiency. In many ap-sampling algorithni10].
plications, the potential can be decomposednjnsmaller In the second subsection, we specialize the findings ob-
parts, each describing the interaction of a particle with itained in the case of random series for the normal mode
environment, and each taking,-times less computational jyplementation of Lie-Trotter products. For such products,
effort to evaluate. Thus, the single-particle strategy ensurege time to evaluate the action is proportional to the number
that each particle is sampled from a distribution spanning &f path variables. Therefore, the computational time for a
distance ofA, in a time roughly equal to the time for a gjven statistical efficiency is proportional t8 for most nor-

single all-particle update. The all-particle strategy takgs mal mode approaches, except for the Lévy-Ciesielski one,
times more computational resources to achieve similar refoy which the scaling is logy(n).

sults. But even for the situations where such a decomposition
is not possible, the sequential sampling is superior because it o . _
allows for a better tuning of the maximal displacements. In A. Random series implementation of path integrals

the all-particle strategy, the optimal ratios between the vari- A standard approach for the numerical implementation of
ous maximal displacements cannot be determined during the Feynman-Kac formuld22-24 is via random series
simulation and have to be fixeal priori. [12,13. The implementation is as follows. L&t,(7)}=o be

Let us conclude this section by mentioning that the de-any orthonormal basis ih?[0, 1] such that\o(7)=1. Define
crease in the maximal displacementrof/? is solely due to the primitives

the larger number of particles that are updated simulta-

neously. If the strength of the correlation increases with the u

number of particles, then the decrease in the maximal dis- A(u) :f A(m)dT. (19
placement for the multiparticle updatens®? times the de- 0

crease in the maximal displacement for the one-particle uptet () denote the set of all sequencas-{a;,a,,...}. The
date. For instance, consider the problem of sampling th&aussian measure

distribution

o1 )
10X =X)°+ (X = X)°+ -+ + (% = X0)? dpfa) =11 -~—e"da, (20)
ex ) o2in k=1 V27T

(18) on  makes the normal random variablas={a,,a,, ...}
independent and identically distributed. With the above no-
where o?=%28/m,. This distribution is encountered in the tations, the one-dimensional Feynman-Kac formula reads
construction of Lie-Trotter products. The decrease in thd 13]
maximal displacement for the all-particle update strategy is
n‘1’2_>< n~Y2 with the first factor due to the larger number of  p(x,x'; B) = pyp(x,X’ ;3)] dP[a]
particles and the second factor due to the decrease in the Q

maximal displacement for one-particle moves. Thus, the 1 -

number of Monte Carlo steps necessary to achieve a pre- X exp _Bf V| x(U)+ o> aA(u) |du
scribed statistical efficiency is?. Since the computational 0 ' k=1

effort for a single Monte Carlo step in terms of calls to the (21)

potential is also proportional to, we see that the cost for the
direct Monte Carlo sampling of the Trotter-Lie products is Equation(21) is called the random series representation of
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the Feynman-Kac formula. The quantitiggx,x’;8) and 0.50
prp(X,X"; B) represent the density matrices of the physical
system and of the free particle, respectivejyu) stands for
x+ (X' —=x)u, whereaso=(#?8/my)*2. The generalization to
many dimensions is straightforward: one just considers an ‘ y
independent random series for each additional physical de- ‘ Ve \
gree of freedom.

The random series representation of the Feynman-Kac
formula is made possible by the Ito-Nisio theor¢h3,25, 0-00% 0.5 1.0
which gives an explicit construction of the Brownian bridge u
entering the Feynman-Kac for”.‘“'f"‘- Thls theorem implies FIG. 3. A plot of the renormalized Schauder functions for the
that the Feynman-Kac formyla is invariant to orthonormal'layerskzll 2, and 3, showing the pyramidal structure.
transformations corresponding to changes from a basis
{\(u}=1 orthogonal on\y=1 to another basig\,(u)}=1, ~
also orthogonal on the constant function. Thekreader may 20V — (1 - 1)/24, u e [(1-1)/21/24],
easily rationalize this observation by noticing that the mea- Fy;(u) = 2% 2[(1+ 1)/2*~u], u e [1/2( + 1)/24],
sure defined by Eq20) is invariant under an orthonormal 0, elsewhere
transformatiora, === 1 6 ;a;.

Important examples of series representations of the

Feynman-Kac formula are provided by the Wiener-Fourier )
series and Lévy-Ciesielski series. The Wiener-Fourier serie@® called the Schauder functions. As McKean puf2d,

representation is obtained from the cosine Fourier basid!® Schauder functions are “little tents,” which can be ob-
{Ak(r):\@co:{kwr)}k L, which, together with ho(7)=1 tained one from the other by dilatations and translations. In

forms a complete orthonormal basis I0, 1]. The primi- modern terminology, this has to do with the fact that the

. : . T original Haar wavelet basis is a multiresolution analysis of

tives of the cosine functions are L%([0,1]) organized in “layers” indexed bl [29].
Fork=1,2,..., andj=1,2,...,%, the Schauder func-

25F, ()
o
[\
W
>

(24)

! | 2 sin(kzru - _ . .
A(u) :f N(n)d7= _(_77)_ tions Fk,,(.u) are generated by translations and dilatations of
o ™k the function
Upon replacement in Eq21), we obtain u, ue(0,1/2,
Fiaw=11-u, ue(1/2,D, (25)
0, elsewhere.

1
p(X,X"; B) = pip(X.X"; B) f dP[a]exp —Bf V[xr(U)
Q 0

More precisely, we have

+ 0'2 ak\/g&:rlj)} du . (22) Fk'j(u) = 2_(k_l)/2|:1’1(2k_lu - J + 1), (26)
k=1

for k=1 and 1=j<271,

Equation(22) has been first utilized in the context of path  If we multiply them by 22 the Schauder functions
integrals by Doll and Freemdi2]. As an application that make up a pyramidal structure organized in layers indexed
has no analog for discrete path integral techniques, they haugy k, as shown in Fig. 3. The suppofthe sets on which the
observed that the random series representation enablesfuanctions do not vanishof the Schauder functions are the
computational technique, called partial averagi@g], that — open intervals of the forrtuy;_, uy ), for 1<j <21 where
has been recently shown to converge for all physically reaukvj:jZ‘(k‘l). The supports arélisjoint for functions corre-
sonable potentialg27]. sponding to the same lay&r Because of this property, we

A second important random series representation is thhave the equality
Lévy-Ciesielski one. In this case, one starts with the so-
called Haar basis, which is made up of the functions 2kt

> A Fi(U) = B rgerFienga),  (27)
2002 e [(1 = 1)/2K,1124], j=1

— k-1)/2 k k
fii(D =1~ 26V, 7 e [U25,(1+ 1)/2, (23 for any sequence of numbesg 1,3y, ... a1 Here,[X]
0, elsewhere, denotes the largest integer smaller or equal, twhereas for
u=1, the quantitiesy x-1.; andFy »-1.,1(1) are defined to be
wherel=2j-1. Together withfy=1, these functions make equal to 0.
up a complete orthonormal basis iR([0, 1]). Their primi- In the new representation, the Feynman-Kac formula
tives reads[11]
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1 1
p(x,x"; B) =pfp(x,x’;ﬁ)f dP[alex —Bf V|:Xr(u) exp =h| l)V[Xr(u) +o
Q 0 jo~(-
o0 k
+ 02, 8y po-101F) - 1+(W) |du (. (28) X 2 &y pa-1341F) 2142 (W) |du

1=1 1=1
In the Lévy-Ciesielski representation, the independent rando not contain the variabla ;, because the functiorf ;(u)
dom Variablesal,az, . have been reindexed a@u,l vanish outside the open interval
=1,2,...3=1,2,...,%Y, in agreement with the indexing _ _
scheme employed for the series. [(j - D270, j27 01,

The numerical advantages of the Lévy-Ciesielski repre- . . . .
sentation are multiple. Assume that we truncate the series u‘[)herefore, W'lth a_smgle evaluation of th(_a action, we can
to a number oh=2~1 path variables. That is, we use ex- update all & varlal_oles from t_he layet, independently.
actly k complete layers. Givem e [0,1], we only needk Thus, the computational cost is the product between the
=logy(n+1) operations to perform the evaluation of the se-number of layerk=log,(n+1) and the cost to evaluate the
ries at the pointi. This is in contrast with the Wiener-Fourier action. The Lévy-Ciesielski representation riglog,(n+1)
series, for which one needs operations. This property is times faster than the Wiener-Fourier series from the point of
called fast computation of pattig1]. view of sampling efficiency.

A second property, which is called the fast sampling prop-
erty [10], has to do with the sampling of the paths. We have g sampling efficiency for the normal mode approach to Lie-
already demonstrated in the preceding section that the effi- Trotter products
ciency of the sequential sampling technique cannot be ex- N ] o
ceeded by the techniques employing multivariable updates. The traditional way of constructing approximations to the
Also, notice that the maximal displacements for the indi-Feynman-Kac formula is via Lie-Trotter produ¢30,31.
vidual update of the different path variables, although notSuch a construction starts with a short-time high-temperature
equal, do not decrease to zero. For path variables of larggpproximation to the density matrix, sag(x,x";B). Be-
indexes, they converge to the maximal displacements for aause the density matrix of a free particle is strictly positive,
normally distributed random variabl€This observation is any such short-time approximation can be put in the product
also true for the normal mode representation of Lie-Trotteform
products, considered in the following sectip8ince a com-
plete sweep through the space of path variables is done in Po(X,X"; B) = pp(X. X" B)ro(X,X"; B). (30)
steps, it follows that the computational effort to achieve a;_ . _ ., du=i/(n+1) for 0<i<n+1 th
prescribed statistical efficiency for the Wiener-Fourier serie etting X=X, X1 =X, aNdU; =1 (n . ) for O<i<n+1,1 €
is n times the cost to evaluate the actitme shall call this nth order Lie-Trotter product obtained from the short-time

action the one-dimensional integral over the interf@ll] ~ @PProximation considered above takes the form

appearing at the exponenfhis cost does not change if an n
all-variable sampling strategy is adopted. pnxx:8) = | TI Po(u—u (X Xis1)
For the Lévy-Ciesielski series, one still needs to update R" i=0 P
each path variable one at a time. However, it is not necessary n
to compute the whole action in order to update a variable. « . ok
) . ; . Fo(Xi,Xi41; B12°)dXy - - - dX,. 31
More precisely, if the variabley; is to be updated, then one 11}) 00441 B2 -ty (31)

only needs to compute the quantity
Here, p,(x,x’) is defined by

» j270-D
whom 8]V 50 puxX) = (27 e~ (¢~ (20, (32
-
K A set of n Gaussian random variables having joint prob-
oS al,[2"1u]+1F|,[2"1u]+1(u)] du (29) ability distribution
=1 n
in order to make the decision if the variabdg; is to be H Po2(u-u,, ) (X X)Xy - -~ dX, (33
updated or not, according to the Metropadisal. criterion. 1=0
The point here is that the terms can be constructed in various waj®11,32. For instance,
(j~12-0-D) by diagonalization, Coalson[9] has shown that if
exp —ﬁf V| x(u) + o a,,a,, ...,a8, are independent Gaussian variables of mean
0 zero and variances
k .
X 2 &y [a-uipeaFi a-1iea(V) | du N = 40%(n+ 1)sir? T , 1<i<n, (39
=1 ’ 2(n+1)
and then
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n k
X (U) + > S (35  pn(X,X";B) = prp(X,X’ ?B)f day ;- f da 1(2m) ™[ |
2l-1 n k
has the distribution given by E¢33). Here, [T exp(- 312,i/2) fo[xr(uj) +o, & 211
i=1 j=0 1=1

. k
2 [ .
SiTVo 1 sm(—n " 1), 1<ijsn. (36 X -2y (U)X (Ujs) + 02 84 oty e

1=1

As argued in Refd11,13, a more useful form is
><FI,[2"1uj+1]+1(uj+1);,B/Zk . (40)
n
X (u) + o> &S /N (37) Equation (40) has the same numerical advantages over
j=1

Coalson’s sine-Fourier form as the Lévy-Ciesielski represen-
tation has over the Wiener-Fourier series: fast computation
with the variablesay,as, ...,a, being independent identi- _and sam_pling of_ paths. The an_alysis_performed in the preced-
cally distributed normal random variables. The main reasof"d Section carries over here in a simple form. The compu-
is that the temperature dependence is now buried into thition and sampling of paths is done(im+1)log,(n+1) op-
expression of the short-time approximation. In the limit of €rations for the Lévy-Ciesielski representation because there
largen, the resulting discrete approximation aren+1 slices. More precisely, for samplingy+ 1)log,(n
+1) represents the number of callsrigx,x’; /2] in order
to update all path variables sequentially. For Coalson’s sine-
Fourier form, one need@+ 1) operations two perform the
sampling(whether sequential or all-variable updates are at-
tempted in order to ensure a given statistical efficiency of

pn(X.X"; B) = prp(X,X; B) f day - J day(2m) ™[] e
R R

k=1

" " s the sampler. The computation of paths also take1)? op-
X H Fo| X (W) + ‘72 Siay/A 5 X (Ui ) erations if implemented directly. However, the computation
=0 = of paths can be done iin+1)log,(n+1) operations by
" B means of the fast sine-Fourier transform, as pointed out by
+ 021 S+1,jaj/7\11/2;nT1 (38)  Mielke and Truhlar{16]. Most likely, the orthogonal trans-
]:

formation that takes Eq37) into Eq. (39) is the one that
enables the sine-Fourier transform algorithm.

converges to the Feynman-Kac formula in rescaled form. In the Lévy-Ciesielski representation, the quantity that
Therefore, the thermodynamic estimators obtained from formust be used to test if the variakdg is updated or not is
mal differentiation against the inverse temperature have fi-

iok=1+1,

nite variance in the limit of large number of path variables 21 z
[13,33,34. e TI ol x(u)

As for random series, E¢38) is invariant under orthogo- =2t
nal transformations. In the present form, the formula looks k
similar to the Wiener-Fourier series. However, as argued in +o> a [2-1y 3+ 1F1 (210 7+2(Up) X (Uj 1)
Ref.[11], by appropriate orthogonal transformations, the rep- I=1 : :
resentation given by Eq38) can be made to look similar to k
any series we warftmore precisely, in the limit of large, + - _ eIk
we can make Eq38) look similar to any series allowed by Ug Az luj+l]+lFl'[2| lu"”]ﬂ(um)’ﬂlz } “y

the Ito-Nisio theorerh If n=2%-1, another possible con- , o »
struction of a set oh Gaussian variables having the joint If the short-time approximation introduces additional path
distribution given by Eq(33) is variables, then these path varlgbles are to be sampled sepa-
rately. They can be grouped intd* Zndependent subsets,
which can be individually tested for acceptance. We shall
give such an example in the following section.
X (U) + o2 & [2-1uJ+1F1 21102 (Uy) (39) Let us address the issue of overall efficiency for the
=1 Monte Carlo simulation of Lie-Trotter products. Assume the
order of convergence of the short-time approximation.is
The exact orthogonal transformation that takes Bg) into  To achieve a final error of, we need to utilizer e/ path
Eq. (39) does not really matter, as E(B9) can be demon- variables. The computational cost to efficiently update all
strated directly from the Lévy-Ciesielski representation ofpath variables once is proportional e 2" for the
the Brownian bridgg10,11. The Lie-Trotter product now Wiener-Fourier approach and to nlog,(n)
becomes ey~ Log,(1/e€) for the Lévy-Ciesielski form. This cost

k
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TABLE I. Quadrature points and weights for the four-point r(u) ={u(1 -u)[1-3u(l -u2
Gauss-Legendre technique on the intef@al1].

: 1 5 3 4 The numerical values of the constamtsand «, are

6 0.069431844 0.330009478 0.669990522 0.930568156 @y ~ 6.379716466 and, ~ 8.160188248.  (46)

o 0.173927423 0.326072577 0.326072577 0.173927423 sing Eq.(40), we can arrange the additional path vari-
ables as supplementary layers in the Lévy-Ciesielski series.

xtend the function{sﬁ,(u) :1<1<3} outside the intervdl0,
] by setting them to zero and define

must be multiplied by the number of steps necessary for th
Monte Carlo sampler to reach an errorepinumber of steps
that is proportional ta"2. Thus, the overall cost is

costor € 2720 (42) Glj(u) = 22N (2u-j +1), (47)
for the Wiener-Fourier approach and for 1<I=<3 and 1=<j=<2X Then, with the convention that
costx v e 27 [og,(1/e), (43) @ 2-1,1=0, for 1<I=<k, andbj »,,=0, forI=1,2, 3, wehave
[3]

for the Lévy-Ciesielski approach, respectively. The scaling
for the Lévy-Ciesielski approach is only marginally worse

; . .
than the ideal scaling expressed by ED. Pn(X,X’1.B) :J da1,1"'J dakvgk—l(ZW)_n/Z
IV. AN APPLICATION OF THE LEVY-CIESIELSKI pfp(X,X A R
IMPLEMENTATION k 27t
1 2
In this section, we illustrate the numerical advantages of Xexp| - EE ]21 ai,i)

the Lévy-Ciesielski implementation and the fast sampling

algorithm by utilizing the technique in the context of the _

direct fourth-order short-time approximation introduced in X f‘dblyl'" fjdb&Zk(zw) s
Ref.[3]. The resulting path-integral expressions are then em- : :

ployed to compute the energy and the heat capacity of the 1 3 2 1
Nejo cluster, at the temperature of 4 K. We perform two xexp| - =2 2 bf; | X exp —ﬂf
simulations using the fast sampling algorithm and the all- 2isjm 0

tical errors of the thermodynamic energy and heat capacity x(U) + o, 3 (2-17+1F 1 [2-13+2(U)
estimators are observed for the fast sampling algorithm. . '
These reductions are solely due to the decrease in correlation 3
between the successive steps of the generated Monte Carlo 0]
p g + 0'2_ b|'[2ku]+1Gk’[2ku]+l(u)] du

variable sampling strategy. Important reductions in the statis- [ k
XV

Markov chain. (48)

The fourth-order short-time approximation is given by the

formula S .
The action integral is performed by means of the quadrature

g k_ .
(X' B) :J (277)_3/2e_(b%+b§+b§)/2 scheme specified by thexd2*=4(n+1) quadrature points
R3

4 5 =26 +j-1, l<i<4,1<j<2* (49
X exp) - B> ka|:xr(0k) +o, bjAj(a@] : (44)
k=1 =1 and the corresponding weights
In Eq. (44), o and 6, are the weights and points for the
four-point Gauss-Legendre quadrature technique on the in- w;j = 2 Xw,. (50)
terval[0, 1]. They are given in Table | for ease of reference.
The three functions\;(u) are defined by the equations The quantitiess: and w; are those from Table I.
~ = The additional path variables; make up three different
Aq(u) =V3u(l -u), layers that are additional to the layers made up by the Lie-

~ Trotter path variableg, ;. Such a layet is selected randomly

Ay(u) =r(u)cod ag(u— 0.5 + ay(u-0.5%], (45) with probability equal to the other layers. Again, due to the
fact that the functions5, j(u) vanish outside the intervlj

~ . _ P -1)27%,j274], the variablesy; from a given layei=1,2,3

As(W =r(usiay(u=0.9 + ay(u=0.57], can and must be updated independently. The appropriate

with weight is given by the formula
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5 4 k TABLE Il. Energies, heat capacities, and associated statistical
e il expy — ,32 WsjV Xr(Usj) + 0-2 aL[Z"lusj]ﬂ errors (twice the stgndard deviatiprior the Ne; cluster, with the
s=1 I=1 energy expressed in units ef;.
3
X I:I,[2"1usj]+l(usi) +oX b|,[Zkusj]+1G(kl,)[2KUSJ]+1(usj):| . Type of sampling Energy Heat capacity
=1 fast sampling -45.969+0.023 0.228+0.069
(51) all variables ~45.962+0.052 0.161+0.146

For a Lie-Trotter variable, ;, the appropriate weight is

2 ) : .
e @i expl - B s D YAV, se_pgrately for each var|.able or group of variables dgrmg the
j=14(i-1)2k 11 =1 orlglnal. Monte Carlo S|muIaF|0n. Because for equ'|I|br|um
properties the paths are clos@g@., x’ =x), the path variables
from a same layer have identical marginal distributions and,

kvl gy very least, the optimal displacements can be determined
|:Xr(usj)

k

+ ‘72 8y [2-1ugJ+1F1 [2- 10 g2 (Us)) therefore, they have identical maximal displacements. Thus,
=1 for the fast sampling strategy, a number of only 1+(og
3 | +1)+3=9 maximal displacements must be optimized.

+o b|,[Zkusj]_,_le(')[zkqu]*_l(Usj) (52 In both simulations, we have updated the coordinates as-
I=1 sociated with a given particle sequentially. That is, we ran-

domly choose a particle and either update all varialies

Our choice of the Ng cluster for numerical experiments . ; .
is motivated by the fact that the cluster presents a deep clatr—]e all-particle update strategr only the variables associ

i J : ted with a randomly chosen layéfor the fast sampling
sical global minimun{35] that IS not destroyed by the quan- strategy. In both cases, the computational effort, as mea-
tum effects[36]. In order to utilize a number of path vari-

sured with respect to the number of calls to the potential, is

%he same. The simulations have consisted of 50 blocks of 20
thousand sweeps through the configuration space. Each
&mulation has been preceded by a number of 25 equilibra-
Qlon blocks. The statistical tests described in R88] have

conduct our computations at the low temperature of 4 K
Numerical experiments show that, at this temperature, th
number of path variables that ensures a systematic err

comparable to the statistical errors is 127 per degree of freg- :
dom (corresponding to the Trotter indew=31). As opposed Ei;\e/gpageen;ployed to test for the independence of the block

to the classical simulation presented in Sec. I, here we do . . . )
P The results of the two simulations are summarized in

not use parallel tempering to improve the sampling. This ar]dl'able Il. The two sampling strategies have resulted in similar

other techniques th‘."‘t are commonly used to improve th%alues for the average energy. However, the statistical errors
quality of the sampling have the property that they reduce

the correlation of the Metropolis walker. Clearly, we do not are different, due to the hig_he_:r correlation in the aII-vari_abIe
want to measure the ability of the parr;tllel tem’pering tech_sampler. The energy statistical errors for the aII-vanab_Ie
nigue to do so. Therefore, we shall only conduct a Simplestrategy are 2.26 times larger than thos_e for the fast sampling

' ' strategy. It follows that the fast sampling algorithm allows

basin associated with the global minimum is adequatele%Or a saving Of. about 80% in the computa.tional effort. For
. - o ¥he heat capacity of the cluster, the saving is about 78%. For

sampled, we start all simulations from the global minimum.... . particular example, the fast sampling algorithm has
Had we utilized a cluster with a double funne] topology of ade the difference bet\’/veen obtaining a reliable heat capac-
the p(_)t(_—:-ntial elect.ronic §urface, we could not have ensuref y and not. As discussed in the preceding section, for larger
ergodicity of the.5|ml'JIat|on at4 K'. numbers of path variables, larger savings in the computa-
Our test consists in the evaluation of the average energ

and the heat capacity of the cluster using simultaneous upﬁonal effort are expected. Sure enough, the exact percentage

dates of all path variables and the fast sampling algorithmOIepenOIS not only on the quality of the sampling, but also on

respectively. The energy and the heat capacity estimators er¥1he smoothness of the estimator utilized.

ployed are those obtained by formal differentiation of Eq.
(48). The estimators have been reviewed elsewlhage34.

In the case where all path variables are updated simulta-
neously, we have employed the same maximal displacements The reader may have noticed that the fast sampling algo-
for all variablesa ; and b ;. An optimal ratio between the rithm is merely a statement regarding the nature of the cor-
maximal displacements for the physical coordimatnd the relation among paths. It is not a sampling technique per se.
path variables has been determined in a separate Monts such, although it recognizes that there is no correlation
Carlo study, in which the two sets of variables were updatedetween the path variables from a same layer, the fast sam-
separately. It is, however, not at all clear if the ratio obtainedpling algorithm makes no attempt to address the issue of
this way remains the optimal one when all variables are upeorrelation between the different Lévy-Ciesielski layers. Be-
dated simultaneously. This observation underlies again theause this residual correlation is left for the Monte Carlo
better statistical efficiency of the sequential update: at thesampler(Metropolis or otherwisgto address, the correlation

V. ATEST FOR CORRELATION TIMES
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N ,; Metropolis the potential from above in order to ensure a reasonable de-
B wigid_ 3 letion rate of the coupling potential ternand, therefore, a
____AE:.'I:‘.T': reasonable decrease in the correlation between the beads on
SR the path. It is not at all clear how this bias affects the results
for small numbers of path variables or how fast it decays to
zero in the limit of a large number of path variabléSor the
simulation performed in Ref8], the bias is absent due to

fast sampling

1L R aan 0 Uy multigrid
10 e

.. the symmetry of the potentials.
) % 13 Versus the bisection methd@], the fast sampling algo-
L rithm enjoys a slight to moderate advantage, especially for

double-well potentials. The multilevel Monte Carlo tech-
nique, which constitutes the engine behind the method, bets
ables is 2). The results for the Metropolis, unigrid, bisection, and on_ th? gan in eff|C|enc_y th‘f"t is obtained .by accepting _or
multigrid methods are taken from Ré1L8]. The vertical line rep- rejecting coarser approximations of the Contln'uous Brownian
resents an estimate of the discretization level required for reasorpai[hs before the paths _are constructed at a finer, but compu-
able convergence. One MQ®lonte Carlo stepis defined as the tationally more expensive, level. However, the coarser ap-
minimal simulation time after which every path variable is sub- Proximations, which employ fewer points, suffer from the
jected to one trial move, on average. For the fast sampling algoSO-called “classical collapse,” which prevents the bisection
rithm, one MCS requires2" evaluations of the potential function. technique from taking full advantage of the quantum effects
in order to cross the potential barridit can do so when

times for statistical averages depend strongly on the undef2ssINg _to a_flner Iev_el, bL_Jt the fraction of times the sampler
liesudes in this state is quite small. In contrast, the fast sam-

lying sampling technique. Nevertheless, it is of some interest™. . _
fo see how well the fast sampling algorithm fares againsP"9 alior'”}m” alv(;/ays works faththe finest Ieve;fﬁand, there-
other path integral sampling techniques if the basic Metropo2re: takes iull advantage of the quantum e CMQSt

b g Ping q P likely, if used together with a global sampléas, for in-

lis walker is utilized for the sampling of path variables. For llel indthe bisecti hod .
this purpose, we have evaluated the correlation times of thgtance, paralle temperinghe Isection method may regain
a good part if not all of the lost efficiency, by relying on the

path centroid for several one-dimensional potentials origi- lobal ler t th h bari
nally proposed in Ref(18]. Although here we present only global sampler o move through barriers.

one example, we mention that the main conclusions are valigh -[Tﬁ dlstcusstmrl\ in the Ilast gartggr?ph a]}lsoh c:emontgttr?tes
for all six examples of Ref.18]. at there is not always a clear distinction of what constitutes

The physical system consists of a particle of mass 1 moyduantum and c_Ia§sicaI co_ntributio_ns to path s_:ampling prob-
ing in a quartic double-well potential of equation I_ems. The mu_ltlgrld technlq_ue, which by deleting the poten-
tial at a certain rate, effectively decreases the height of the

V(x) =x* - 3x2. barrier, attempts to address the classical part of the problem

. . . . ) in addition to the quantum effects. No such attempts are
Dimensionless units are utilized, with=1 and$=10. The 546 by either the bisection or the fast sampling algorithms,
Svhich only address the quantum contribution to correlation.
It would be of interest to compare the correlation times for

ot the three methods not only in the absence but also in the

x=f (x+ oB)du. presence of a global sampler.

0

FIG. 4. Correlation times for five different Monte Carlo methods
at different discretization levels (the actual number of path vari-

evaluated as the expected value of the path centroid

Notice that the average particle position is zero, by the sym-
metry of the problem. We have utilized the trapezoidal Trot-
ter short-time approximation, although the correlation times The Monte Carlo sampler that uses all-particle or all-
were found not to be overly sensitive to the nature of thevariable updates is not superior to the sequential sampler
short-time approximation. from the point of view of statistical efficiency. In fact, the
As apparent from Fig. 4, the fast sampling algorithm faressequential sampler is computationally more efficient when-
well when compared to the unbiased direct Metropolis orever updating a single particle costs less than updating the
bisection method samplers, but is defeated by the multigridvhole potential. If one updates more than one particle at a
technique described in Ref18]. Additional numerical re- time, the maximal displacements decrease inverse propor-
sults have shown that this state of affairs is true for all sixtionally to the square root of the number of particles that are
potentials considered in Ref18]. The ordering implied by updated simultaneously. This effect has an entropic nature
Fig. 4 remains the same if the correlation times are multi-and appears even for independent variables. However, we
plied by the number of calls to the potential function perwarn the reader that the statistical efficiency is only one fac-
Monte Carlo step. tor controlling the rate of equilibration. The other factor is
However, it is worth mentioning that the multigrid tech- the rate at which the correlation in the generated Markov
nique, which utilizes the stochastic blocking procedure ofchain decays. As we have demonstrated in Sec. Il, save the
Swendsen and War{@7] as the main sampling driver, is an special case mentioned above, the all-particle update and the
approximate sampling technique that requires a truncation afequential samplers share roughly the same efficiency in

VI. SUMMARY AND CONCLUSIONS
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terms of total volume in the configuration space that isis equivalent to utilizing a larger number of levels and
sampled for a given computational effort. Which of the two quadrature points when particles with lighter masses are
techniques have a faster equilibration time when the statistisampled. The algorithm gains in efficiency whenever updat-
cal efficiency is the same has not been decided. Presumabipg the coordinates of the lighter particle costs significantly
in this respect, the all-particle strategy will win in most less than updating the coordinates of the heavier particles.
cases, since for the sequential sampler there is a residual For definiteness, let us assume that the number of layers
correlation left even if the sampling of the individual par- arek andk’, with k>k'. For the “light” coordinate, we uti-
ticles is statistically independefthis is the Gibbs sampler lize an entire random sum
limit). Nevertheless, for independent variables, the sequential K

We have observed that, in the Lévy-Ciesielski form, the

path variables generated by the Lie-Trotter products are ’

0}
grouped in a small number of layers, with the variables from * ‘TE b"[Zkusj]+1Gk,[2"usj]+1(”Si)’ (A1)
the same layer being statistically independent. This property, -
together with the observation that a sequential sampler hashere uj=j/2k for j=0,1,...,% For the “heavy” coordi-

better statistical efficiency for independent variables, exnate, we utilize the independent sum
plains the superiority of the Lévy-Ciesielski representation
versus the other random series or normal mode approaches. , , / ,
In the Lévy-Ciesielski representation, by using a sequential Ysi=Yi(ug) + o E al,[2"1u;j]+1F'v[z"luéj]”(usi)
sampler, one can efficiently update all variables using -
nlog,(n) calls to the potential. For most other normal mode ) , 0 )
approaches, the scaling i€, whether a sequential or all- to Z b|,[zk’uéj]ﬂGkr,[zk’u;j]ﬂ(usj)a (A2)
particle update sampler is utilized. =1

To summarize, the computationally advantageous featureghere
of the Lévy-Ciesielski implementation of path integrals are , ,
fast computation of paths, fast path sampling, and the ability ~ Uj =27 (6 +[j27*]-1), 1si=<4, 1sj=<2"
to use different numbers of path variables for the different (A3)
degrees of freedom, commensurate with the quantum effects. ) _
The last property is discussed in the Appendix, where a refFor example, ik—k’=1, then the consecutive valuag and
lation between the number of time slices and the particldls;+1 for evenj are equal. When computing the second term
masses is suggested. These features recommend the Lédy-the sum
Ciesielski representation as a useful platform for path inte-
gral implementations.

K

3

WsjV(ijvysj) + Ws,j+1V(Xs,j+1vys,j+l)
= WqV(Xsj, Ysj) + Ws j+1V(Xsj+1,Ys)) » (A4)
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should be proportional to the inverse square root of thedence of the convergence constants with the masses, which,
masses of the particles. In fact, there is no simple rule on thi general, is quite complicatd®]). However, regardless of
proper choice of the number of slices, because this numbehe optimal scaling, the resulting path-integral expressions
depends on the way the particular path-integral techniqueonverge to the correct result, provided that sufficiently
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